Solutions to the classical Graetz slug flow problem (uniform velocity distribution) 
Introduction
Forced convection in slug flows has received considerable attention in the past as a topic of fundamental study ͓1-7͔, in part, due to the ease of analytic solution for many problems by analogy with transient conduction. More recently, these solutions have also found applications in liquid and gas flows through porous media ͓6,8͔ since on a macroscopic scale, the velocity distribution may be considered flat or uniform with respect to the thermal boundary layer characteristics if the porous media is viewed as a gray medium ͓6͔, i.e., one lacking in microscopic detail. More recently, it has been shown that plug flow heat transfer characteristics arise in discrete flows of liquid droplets at large Peclet numbers ͓9-11͔. The present authors have also found plug flow heat transfer characteristics in segmented liquid flows ͓12,13͔. As a result of this recent research activity in published literature, there is a need for simple models, which predict the classic Graetz slug/plug flow heat transfer characteristics in channels of noncircular geometries that are found in practical applications.
In contemporary thermal design, where microchannel and minichannel based systems are frequently proposed, these solutions will assist in the thermal characterization of these devices, which utilize either liquid metals, segmented liquid-gas and liquid-liquid flow, and designed porous media. Furthermore, given that micro-/ minichannel shape can vary from the ideal of tube or channel shapes, extension of the classic solutions, such that they may be applied to other less ideal noncircular geometries, is of practical significance.
The present paper re-examines a number of solutions for classic Graetz slug flow, i.e., those problems where no velocity gradient is present in the convective fluid stream. This system, shown in Fig. 1 , has been characteristically referred to as slug flow or plug flow with plug flow more appropriately describing the fluid medium moving as a solid in the duct or channel. A number of solutions are considered: these include the plane channel, circular tube, rectangular duct, and polygonal ducts. Simple models are proposed for simplifying the prediction of mean heat flux or local wall temperature.
Many of the widely available results are found in the various compendiums ͓1,2͔, and heat transfer texts ͓3-7͔, in addition to several older journal papers. These results will be partly reviewed in order to illustrate the common characteristics required for developing simple models.
Problem Statement
The class of internal flow heat transfer problems, which have come to be known as Graetz or Graetz-Nusselt problems, involve solving the energy equation for either fully developed Poiseuille flow or for a uniform velocity distribution.
with a constant inlet temperature at z = 0 and either a constant wall temperature T w at the duct periphery, or a constant heat flux q w at the duct periphery. Along the axis of the duct or channel, an adiabatic symmetry condition is prescribed. A number of solutions to these problems for various configurations and boundary conditions are widely available in handbooks with a few exceptions. This paper considers the classic slug flow condition where w = U is constant throughout the cross-section. The slug flow problem has an analog solution in transient conduction when the time variable is transformed using t = z / U. Hence, solutions for both isothermal and isoflux boundary conditions are easily obtained in simple geometries such as the tube, channel and flat plate ͓6͔. We will consider three geometries in detail: the one dimensional channel, the tube, and the rectangular duct before considering more complex duct shapes. In these systems much can be learned by considering the heat transfer scales and asymptotic characteristics.
Given the solution for the temperature field in a duct or channel flow we strive to relate the local heat transfer rate to the local wall to fluid temperature difference. We may define this wall to fluid temperature difference in a number of different ways. These include
The correct choice should be based on the application. For example, in single fluid problems, such as heat sinks, the best and easiest approach is to use the wall to inlet temperature difference. However, in two fluid problems such as heat exchangers, the better choice is most often the wall to bulk temperature difference. The most frequently used form for defining the local heat transfer coefficient in an internal flow has traditionally been in terms of the bulk temperature T m = T m ͑z͒ where
͑2͒
The local heat flux q z is often related to a local heat transfer coefficient h z by means of some defined characteristic temperature difference in the local flow
where T w − T m is the local wall to bulk temperature difference. In a duct where the prescribed wall temperature remains constant, the heat flux varies due to changes in the bulk temperature. In a duct where the prescribed wall flux remains constant, the wall temperature varies. In this case the above equation is written as
and is utilized for determining the local wall temperature T w,z . We may define a dimensionless local or mean heat transfer coefficient or Nusselt number for the two special cases of constant wall temperature and constant wall heat flux. These will be treated separately.
If the duct wall is maintained at a uniform constant temperature T w , then we define
which is based on the wall to bulk mean fluid temperature, where L is an arbitrary length scale related to the channel geometry. Traditionally, the hydraulic diameter is utilized, i.e., L =4A / P while more recently ͓14,15͔, L = ͱ A has been utilized with great success in correlating internal flow data. Alternatively, we could also define
which is based on the more natural wall to inlet fluid temperature difference. This definition proves useful in the boundary layer region for developing asymptotic solutions where the bulk temperature scales to the inlet fluid temperature, i.e., T m ϳ T i when the thermal boundary layer is thin. Both forms will be examined, as each has its advantages and disadvantages. If a mean Nusselt number is desired, then we must integrate along the duct length ͑provided that L is independent of the flow length͒.
The above approach is only useful when the Nusselt number is of the form of Eq. ͑6͒. Often it is easier to use simple heat exchanger theory ͓7͔ for an isothermal wall to obtain mean Nusselt numbers, which are defined in terms of the wall to bulk temperature difference. This leads to
where
is the dimensionless thermal duct length or inverse Graetz number.
However, caution must be exercised when using so called mean heat transfer coefficients in internal flow applications, as the appropriate mean temperature difference must be used. In the case of h defined on the basis of wall to bulk fluid temperature difference, this requires the use of the log mean temperature difference
where T o is the outlet bulk temperature, such that
or in other words, the mean Nusselt number is then defined as
where q = Q / A is the average heat flux. In the case of a Nusselt defined on the basis of the wall to inlet temperature difference, this still requires the use of ͑T w − T i ͒. As such, in the case of single fluid systems such as heat sinks, it is more convenient to designate the dimensionless mean wall flux simply as
since, in these applications, it is the total heat transfer rate related to the wall temperature and duct geometry, which is of interest, not the heat transfer coefficient. This also avoids confusion related to which temperature difference should be used. The definition provided using Eq. ͑13͒ can be related to the definition of Eq. ͑8͒ by means of
Examination of Eqs. ͑12͒ and ͑13͒ show that two immediate issues are raised. First, in the wall to bulk specification of temperature difference, the log mean temperature difference is re- Transactions of the ASME quired to obtain the mean heat transfer rate. While the Nusselt number is constant in the fully developed region, the log mean temperature difference decreases with increasing duct length, leading to effectively zero mean heat transfer rate in a very long duct. Second, in the wall to inlet temperature specification while the temperature difference is constant, the mean heat transfer rate approaches zero as a result of an increase in L Ã , i.e., Eq. ͑14͒,
The two formulations lead to the same result, but the latter is more physical and more natural when only one fluid is being considered. We will examine the merits of both definitions later when thermally developing and fully developed slug flows are considered in detail.
In other applications where electric resistance heating is used and/or we have a low conductivity duct wall, it may be more realistic to assume a constant heat flux boundary condition. If we maintain a constant flux at the wall q w , then we may define a Nusselt number as follows:
or alternatively as
in the thermal boundary layer region, where T m ϳ T i . It is clear that if a uniform constant heat flux is specified, then the local Nusselt number is utilized for the purpose of predicting the wall to bulk fluid temperature rise or the wall temperature distribution once T m is known. Thus, given an expression for the relationship of Nu as a function of dimensionless duct position z Ã , one can easily obtain the local wall or wall to bulk temperature difference. In this regard, in single fluid heat exchange systems, where the wall temperature is the parameter of interest, it is more appropriate to consider a dimensionless wall temperature in place of Eq. ͑16͒ defined as
since the principal solution variable of interest will be the local axial temperature field. This is also the more natural approach when one examines the exact solutions. Frequently, sources of Nu data and models report a mean Nusselt for the constant flux wall condition defined using Eq. ͑7͒. In these cases, the mean heat transfer coefficient is utilized to find the mean wall to bulk temperature difference, which is not as easily defined in the manner of Eq. ͑10͒, see Ref.
͓1͔. This approach is only useful in the boundary layer or thermal entrance region where the wall to bulk temperature difference varies, since in a fully developed flow, T w,z − T m becomes constant.
The formulations involving Eq. ͑13͒ and Eq. ͑17͒ will prove much more useful in the analysis of single fluid systems since the parameter of interest is defined explicitly in the nondimensional formulation. Concepts, which are lost by the traditional hL / k interpretation of the Nusselt number.
Scaling Analysis
The use of scaling analysis on Eq. ͑1͒ proves useful in determining the correct forms of the dimensionless heat transfer coefficient regardless of channel shape and for the development of simple models. The energy equation represents a balance between transverse conduction and axial convection, i.e.,
͑18͒
We begin by considering thermally and hydrodynamically fully developed flow in a noncircular duct of constant cross-section. We write the left hand side of Eq. ͑19͒ as
where T m is the mean axial bulk flow temperature at any point and T i is the inlet temperature.
Next considering an enthalpy balance on the duct, we write
since T m ϳ T w for very long ducts, where T w is the constant wall temperature. Using the above relationship in Eq. ͑19͒ we obtain the following result:
The energy equation, Eq. ͑18͒ for fully developed flow now scales according to
where L represents a characteristic transversal length scale of the duct cross-section. Rearranging Eq. ͑22͒, we obtain the following result for the Nusselt number:
which is a constant and only a function of geometry. This result is valid for both parabolic or uniform velocity distributions, and constant wall temperature or constant wall flux, and is also consistent with analytic results.
In the case of the thermal boundary layer, we now consider the case when the thermal boundary layer is much thicker than the hydrodynamic boundary layer, i.e., ⌬ӷ␦, such that V ϳ U, and the energy equation scales according to
which gives
Next, considering the heat transfer coefficient, which scales according to
and thus Nusselt number becomes
Equations ͑23͒ and ͑28͒ are universal results, which allow the results for any channel geometry to be modeled simply as a function of these two limits. Simple universal models based on these results will be proposed in a later section.
Asymptotic Limits
The Graetz slug flow problem for either constant wall boundary condition or constant heat flux boundary condition contains simple asymptotic behavior that allows the problem to be easily
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Flat Plate
Limit. In the short duct limit, the thermal boundary layer characteristics of slug flows approach those for a flat plate with Pr→ 0. This problem has an analogy to the problem of transient heat conduction into a semi-infinite domain. Solutions for the heat transfer rate are readily available, i.e., Bejan ͓6͔. For a given boundary condition we may write the local Nusselt number based on the downstream coordinate as
Nu z = 0.886
If written in terms of a characteristic length scale related to the cross-section L the above equations become
Finally, if the Nusselt is defined on the basis of mean quantities, then the above expressions become after integration over a total flow length L
If the mean Nusselt number for constant flux is defined based on the mean wall temperature, then Eq. ͑31b͒ becomes after integration ͓6͔.
These equations become universal limits regardless of which temperature difference is specified or which length scale is used when defining Nu.
Fully Developed Flow.
In the limit of very long ducts and channels, the flow eventually becomes thermally and hydrodynamically fully developed. The local Nusselt number approaches a constant value in this case. However, if we use the local wall to inlet temperature scale, a simple universal result follows from an energy balance on the duct. In the case of an isothermal wall, in a very long duct or channel, we may write
where for a long duct, the outlet temperature must asymptotically approach the wall temperature. Introducing the definition of the mass flow rate allows Eq. ͑34͒ to be written as
Next, if we define the heat transfer coefficient on the basis of the wall to inlet temperature difference, we obtain
Now introducing the Peclet number we obtain
or, after defining the dimensionless duct length one obtains
This result is universally applicable to any duct shape for asymptotically large duct lengths. Now the selection of the characteristic length L is open. We consider two choices, the traditional hydraulic diameter L = D h =4A / P and the square root of the crosssectional area L = ͱ A. Using these length scales, we obtain
when L = ͱ A is used. The parameter ͱ A / P is an important scaling parameter, which arises quite frequently in transport problems. The above results are simple and have great advantage when determining the heat transfer rates in single fluid systems as the enthalpy balance is fundamental. While Nu is a constant when based on wall to bulk temperature difference, it depends strongly on geometry if D h is used as a length scale.
Asymptotic Compact Models.
Equations ͑30a͒, ͑30b͒, ͑31a͒, ͑31b͒, ͑32a͒, ͑32b͒, ͑33͒, and ͑39͒ will be utilized to develop simple accurate expressions for slug flows using the Churchill-Usagi asymptotic correlation method ͓16͔. These models take the form of
where n can be a positive or negative constant depending on the concavity of the curve to be fit. A similar model can be developed for q Ã .
Exact Solutions for Plug Flow
We will consider three geometries, the one dimensional channel, the tube, and the rectangular channel before considering more complex duct shapes shown in Fig. 2 . In these three systems, much can be learned for the more general problem by considering the heat transfer scales and asymptotic characteristics. These asymptotic characteristics may be simple to obtain from the exact full solutions or in most cases are derived from simpler problems, e.g., the flat plate limit. In either case, they agree nearly exactly with the full series solutions under the limiting cases of large and small dimensionless thermal duct length. 
Plane Channel.
Using the above solution we may obtain the heat flux distribution along the wall and the mean bulk temperature. By applying Fourier's law at the channel wall, we obtain
and integrating the temperature distribution over the cross-section, we obtain
The total heat transfer rate can be obtained by integrating the heat flux distribution along the channel wall in the flow direction. Using the above result, we obtain after integration, the dimensionless heat flux q Ã .
where L Ã = L / D h / Pe D h is the dimensionless duct length. The dimensionless heat transfer rate has the following two asymptotes, which can easily be shown from the flat plate limit for Pr= 0 since T m ϳ T i and from the enthalpy balance in fully developed flow. These are
The flow becomes fully developed when the two limits have roughly the same order of magnitude, i.e., transition from one limit to the other occurs near their intersection, or
A simple model for Eq. ͑46͒ can be developed by combining the two asymptotic limits. This simple result takes the form
͑50͒
which has a root mean square ͑rms͒ error of approximately 0.8%. The local Nusselt number is
It has the following asymptotic limits:
A simple model for Eq. ͑51͒ can be developed by combining the two asymptotic limits. This simple result takes the form
which has a rms error of approximately 4.1%. The mean Nusselt may be obtained using Eqs. ͑8͒ and ͑45͒.
which has the following simple asymptotic limits:
A simple model for Eq. ͑54͒ can be developed by combining the two asymptotic limits. This simple result takes the form
which has a rms error of approximately 2.3%.
Constant Heat Flux Wall.
In the case of the plane channel with a constant flux boundary on both walls, the solution is also found in Ref. ͓2͔. However, the constant flux boundary makes the problem nonhomogeneous and the solution is a bit more complicated. The important expressions are summarized below ͓2͔.
The local wall temperature is found when y = b.
The mean bulk temperature found using Eq. ͑2͒ is
The local Nusselt number based on the wall to bulk temperature difference is
has the following simple asymptotic limits:
The flow becomes fully developed when the two limits have roughly the same order of magnitude, i.e., transition from one limit to the other occurs near their intersection, or 0.886
A simple model for Eq. ͑60͒ based on the nonlinear superposition of these limits is 
͑64͒
which has a rms error of approximately 3.8%.
If the Nusselt number is defined using the more natural wall to inlet temperature difference, Eq. ͑16͒, then one obtains
or more appropriately for single fluid systems
has the following asymptotic limits:
An approximate expression for the thermal entrance length obtained from the intersection of the two asymptotes gives 0.886
A simple model for Eq. ͑65͒ based on the nonlinear superposition of these limits is
which has a rms error of approximately 1.3%.
Circular Duct.
The problem of slug flow in a circular duct of diameter D =2a is now considered. Solutions to this problem are found in Jakob ͓4͔, Burmeister ͓5͔, and Shah and Bhatti ͓2͔.
Isothermal Wall.
The final solution for the temperature distribution may be written as
where the eigenvalues are obtained from 4048,5.5201,8.6537,11.7915,14.9309, . . .
͑73͒
Using the above solution, we may obtain the heat flux distribution along the wall and the total heat transfer Q. By applying Fourier's law at the wall we obtain
for the local flux distribution while the mean bulk temperature along the duct is
͑75͒
Integrating along the duct wall we obtain the total dimensionless heat transfer rate
The flow becomes fully developed when the two limits have roughly the same order of magnitude, i.e., transition from one limit to the other occurs near their intersection, or 1.128
A simple model for Eq. ͑76͒ based on the nonlinear superposition of these limits is
which has a rms error of approximately 3.8%. The local Nusselt number based on the wall to bulk temperature difference is
͑81͒
Equation ͑81͒ has the following asymptotic limits:
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A simple model for Eq. ͑81͒ based on the nonlinear superposition of these limits is
͑83͒ which has a rms error of approximately 4.0%. We may define the mean Nusselt number based on the wall to bulk temperature difference as
͑84͒
Equation ͑84͒ has the following asymptotic limits:
A simple model for Eq. ͑84͒ based on the nonlinear superposition of these limits is
which has a rms error of approximately 2.5%.
Constant Wall Flux.
Finally, we consider the case of a tube with a constant flux boundary, the solutions may also be obtained using separation of variables or Laplace transforms. Details of the solution may be found in Burmeister ͓5͔. The important expressions are summarized below.
where the eigenvalues are roots of 8317,7.0156,10.1735,13.3237,16.4706, . . .
͑89͒
The local wall temperature is found to be
and the mean bulk temperature found using Eq. ͑2͒ is
We may now define a local Nusselt number based on the wall to bulk temperature difference using Eq. ͑15͒ to obtain
͑92͒
Equation ͑92͒ has the following asymptotic limits:
A simple model for Eq. ͑92͒ based on the nonlinear superposition of these limits is
which has a rms error of approximately 4.4%. If the Nusselt number is defined using the more natural wall to inlet temperature difference, Eq. ͑16͒, then one obtains
or for single fluid systems, it is more appropriate to work with
Equation ͑97͒ has the following asymptotic limits:
A simple model for Eq. ͑97͒ based on the nonlinear superposition of these limits is
which has a rms error of approximately 2.2%. At this stage it should be seen that the Eqs. ͑50͒, ͑70͒, ͑80͒, and ͑102͒ are essentially the same for each boundary condition irrespective of geometry. They only differ in the value of n used to combine the asymptotes. We will use this characteristic to develop universal expressions. Similarly, we see that in the simple models for the Nusselt number, it is only the fully developed flow limit, which varies. We will utilize the observations of Muzychka and Yovanovich ͓14,15͔ to develop universal expressions for the case when the wall to bulk temperature difference is preferred.
Isothermal
Wall. Thiart ͓17͔ obtained a solution for slug flow in a rectangular duct having an isothermal wall. The solution for the dimensionless mean bulk temperature is
The local and mean Nusselt numbers are
and
Finally, the dimensionless mean heat flux based on the wall to inlet temperature can be written simply as
Equations ͑105͒ and ͑106͒ have the following characteristic limits:
while, the thermally fully developed flow Nusselt number ob-
where ⑀ = b / a is the channel aspect ratio. Equation ͑109͒ is obtained from the single term representation in Eq. ͑105͒ when z Ã → ϱ. Using Eq. ͑41͒, expressions can be developed for both Nu D h and q Ã . Values of n and the corresponding rms error are given in Table 1 . Once again, with the exception of the plane channel ⑀ = 0, we see that values for n do not vary considerably. Results are also shown in Figs. 3 and 4 for both q Ã and Nu D h for ⑀ = 0, 0.2, 0.4, 0.6, 0.8, and 1.
Constant Flux
Wall. Gao and Hartnett ͓18͔ and Spiga and Morini ͓19͔ obtained solutions for the rectangular duct for the H1 and H2 conditions, respectively, with Spiga and Morini ͓19͔ tabulating thermal entrance data for the H2 condition. In the present study we are mainly concerned with the H1 condition ͑peripheral mean wall temperature varying axially͒. Furthermore, it can be easily shown that the Nusselt numbers for fully developed slug flow in a noncircular channel with constant flux condition H1 can be modeled as f Re D h / 2 for any duct shape. For the rectangular channel this is given by
The above equation is obtained from the hydrodynamic ͑friction͒ solution for a rectangle using only a single term in the series. It is given without proof, as the energy equation for thermally fully developed flow in a rectangular duct can be easily nondimensionalized and transformed into the same dimensionless form as the equation and boundary conditions governing fully developed Poiseuille flow. Thus, the dimensionless mean wall heat flux can be related to the dimensionless mean wall shear stress.
Plug Flow in Other Duct Shapes.
Other useful shapes as shown in Fig. 2 are also of interest. Yutaka et al. ͓20͔ obtained numerical solutions for flows in polygonal ducts for the limiting case of Pr= 0, their results are summarized in Table 2 . One can see that when the length scale proposed by Muzychka and Yovanovich ͓14͔ is used to redefine the thermally fully developed flow Nusselt numbers, there is very little difference in the values for the regular polygons and with the exception of the triangle, they are essentially a constant.
Other shapes, which result in microchannel based systems, include the elliptical channel, trapezoidal channel, and double trapezoidal channel as shown in Fig. 5 . Presently, there are no analytical or numerical solutions for these cases for either boundary Transactions of the ASME condition T or H1. Approximations for the expected behavior of the Nu of q Ã solutions will be developed using the results presented thus far.
Given that the thermal boundary layer region is fully characterized by the flat plate or half space conduction solutions, one only needs the fully developed limit to complete a model for the Nu based on wall to bulk temperature difference. When the data are redefined using the L = ͱ A, one may use f Reͱ A for the rectangular channel as a very accurate prediction ͓14,15͔. Thus, we obtain using Eq. ͑110͒
for the constant wall flux condition Nusselt number in thermally fully developed slug/plug flows. Furthermore, if Eq. ͑109͒ is res-
Both Eqs. ͑111͒ and ͑112͒ will be used to characterize the fully developed flow limit Nusselt numbers based on the wall to bulk temperature in noncircular ducts channels, given that solutions are only a function of channel aspect ratio and are a weak function of channel shape when L = ͱ A is used as a length scale.
Generalized Models for Plug Flows
Using the above results and observations from the channel and tube solutions for the Churchill-Usagi blending parameter, we may now propose a number of universal models. It has been shown that for the wall to inlet temperature specification, that the results are nearly universal for all channel and duct shapes when L = D h is used as a characteristic length scale. While for the wall to bulk temperature specification, results are nearly universal and only dependent on aspect ratio when L = ͱ A is used as a characteristic length scale. Thus it is proposed that the following models be used for all duct shapes: 6.1 Wall to Inlet Temperature Difference T w − T i . For a constant wall temperature condition ͑T͒ the following is recommend for all duct shapes:
͑113͒
For constant wall flux condition ͑H,H1͒ the following is recommended for all duct shapes: 
͑115͒
For constant wall flux condition ͑H,H1͒ the following is recommended for all duct shapes for the local Nusselt number:
where L = ͱ A in Eq. ͑5͒ and to define L Ã and z Ã . The above formulations can be used for design purposes in channels of any cross-sectional shape for plug flows for either constant wall temperature or constant wall heat flux conditions with very good accuracy. Given that the largest values of n were obtained for the channel, it is found that using the proposed values of n =−5/ 2 in Eqs. ͑113͒ and ͑114͒, and n = 2 in Eqs. ͑115͒ and ͑116͒, yields a rms errors vary between 1.5% and 7% for all shapes considered, making them acceptable for thermal design and analysis.
Summary and Conclusions
Classical Graetz plug flow solutions were considered for noncircular channels. It was shown that the full solutions for the tube and channel possess universal asymptotic behavior when the heat transfer characteristics are based on the wall to inlet temperature difference rather than wall to bulk temperature difference, irrespective of thermal boundary condition. This allows simple models to be specified for any channel aspect ratio, which are also verified using the solution for the rectangular channel.
Additionally, simple models were also developed for the case when heat transfer characteristics are based on the wall to bulk temperature difference. In this case the models are based on the characteristic length scale L = ͱ A proposed by Muzychka and Yovanovich ͓14,15͔, which minimize geometry effects. These simple formulations can be used to model heat transfer in simple continuous plug flows, segmented plug flows, and discrete droplets, for channels typically found in microfluidic and other heat exchanger applications.
While the wall to mean bulk temperature scale is more useful in heat exchanger systems. The proposed new models based on the wall to inlet temperature scale are more readily applicable to heat sink design, as only one fluid is present in these applications. The dimensionless heat transfer rate and dimensionless local wall temperature based on this temperature scale are more natural choices, as they appear in the solutions of the temperature field. They are also easily adapted to systems with finite transverse wall resistance using simple resistance network concepts. 
